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simple GA is slow to evolve but after 120 generations(18,000 func-
tionevaluations) reachesa near-optimalsolution.The boundarycon-
ditions for the best solution in the simple GA are r.t f / D 1:519 DU,
µ.t f / D 147:18 deg, u.t f / D 0:005 DU/TU, and v.t f / D 0:807
DU/TU and for the ¹GA with a populationof 15 are r .t f / D 1:514
DU, µ.t f / D 162:59 deg, u.t f / D 0:206 DU/TU, and v.t f / D 0:805
DU/TU. The ¹GAs’ radial positionand tangentialvelocity are close
to the desired values given in Eq. (14) but the radial velocity would
make the � nal orbit eccentric.

Results: Inequality Constraints Method
Figure 1 also displays the objective function for the best indi-

vidual in the population using inequality constraints. The vertical
scale on the right should be used. It is seen that, given a suf� cient
number of generations, all three GAs converged to a near-optimal
solution. However, the ¹GAs converged to the near-optimal region
more quickly than did the simple GA. The performance of all GAs
became comparableafter approximately7500 function evaluations.
The boundary conditions for best solution in the ¹GA with a popu-
lation of 15 after 6000 are r.t f / D 1:509 DU, µ.t f / D 153:41 deg,
u.t f / D 0:042 DU/TU, and v.t f / D 0:808 DU/TU and after 12,000
function evaluations are r.t f / D 1:524 DU, µ.t f / D 152:59 deg,
u.t f / D 0:051 DU/TU, and v.t f / D 0:807 DU/TU.

Orbital rendezvoustrajectorieshavealso beensolvedusing¹GAs
with inequality constraints but are not shown here. In all cases the
¹GA provides an extremely fast approach to a near-optimal trajec-
tory.

Conclusions
The use of ¹GAs to determine near-optimal low-thrust trajec-

tories was explored. Micro-GAs were inef� cient at achievingnear-
optimalsolutionswhenboundaryconditionswere treatedas equality
constraints. However, when boundary conditions were cast as in-
equalityconstraints,¹GAs showed faster convergencethan did sim-
ple GAs to a near-optimal region.
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Conjecture About
Orthogonal Functions
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North Carolina State University,
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Introduction

I FIRST came upon this result in my work in the area of control
of distributed systems. I was studying the manner in which the

natural modes of vibration of simple beams are altered by attaching
to them concentrated spring and damping elements. The result has
sincebeendistilledinto anunproventheorem,presentlybeingcalled
the orthogonal function conjecture.

Orthogonal function conjecture: Let Ár .x/ .r D 1; 2; : : : ; n C 1/
be an ordered set of real orthonormal functions de� ned over the
interval [a; b]. The zeros of the .n C 1/th orthonormal functionsare
xr .r D 1; 2; : : : ; n/.Then anorthonormalset ofn realn-dimensional
orthonormal vectors can be constructed from the orthonormal func-
tions by evaluating the lowest n orthonormal functions at the zeros
of the .n C 1/th orthonormal function. The orthonormal vectors are
Ãr D [w1Ár .x1/ w2Ár .x2/ ¢ ¢ ¢ wnÁr .xn/]T .r D 1; 2; : : : ; n/ in
which wr .r D 1; 2; : : : ; n/ are positive numbers.

This describedorthogonalfunctionconjectureis bothunusualand
a paradox. It is unusual because the zeros of the .n C 1/th orthonor-
mal functionin� uence the constructionof orthonormalvectors from
the lowest n orthonormal functions. The orthogonal function con-
jecture is a paradox for reasons described in the next section.

Paradox
Let us now more closely examine the orthogonalfunctionconjec-

ture. The orthonormality conditions that the functions Ár .x/ satisfy
are given by

Z 1

0

Ár .x/Ás .x/ dx D ±rs .r; s D 1; 2; : : : ; n C 1/ (1)

where ±r s is the Kronecker delta function (±rs D 0 when r 6D s and
±rr D 1)and x isde� nedoverthe interval[0; 1].The zerosofÁn C 1.x/
satisfy

Án C 1.xt / D 0 .t D 1; 2; : : : ; n/ (2)

It is implied by Eq. (2) that Án C 1.x/ has n zeros.The n-dimensional
orthonormal vectors are stated in the conjecture to satisfy the or-
thonormality conditions

ÃT
r Ãs D ±rs .r; s D 1; 2; : : : ; n/ (3)

where Ãr D [w1Ár .x1/ w2Ár .x2/ ¢ ¢ ¢ wnÁr .xn/]T in which wr

shall be referred to as weighting constants.The paradoxarises when
we recognize that Eq. (3) represents a set of linear algebraic equa-
tions in terms of the unknownsw2

r .r D 1; 2; : : : ; n/. The numberof
equations is equal to n2, and the equation corresponding to the pair
of indices .r; s/ is identical to the equationcorrespondingto the pair
of indices .s; r/. Therefore, the number of independentequations is
N D n.n C 1/=2. The paradox lies in that the number of equations
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is larger than the number of unknowns (when n > 1). Indeed, the
existence of an exact solution to an overdetermined set of linear
algebraic equations is altogether unexpected. Without an available
explanation, the presence of an exact solution must be regarded as
a paradox.

Sine Functions
Without a proof of the orthogonal function conjecture, I now re-

sort to verifying the conjecture.The veri� cation is given to provoke
insight that could lead to a proof of the conjecture at a later date.
The veri� cationcouldalso illuminaterestrictiveconditionsto which
the conjecture is subject. First consider the orthonormal set of sine
functions

Ár .x/ D
p

2 sin r¼ x .r D 1; 2; : : : ; n C 1/ (4)

The zeros of Án C 1.x/ are

xt D t=.n C 1/ .t D 1; 2; : : : ; n/ (5)

The weights wr .r D 1; 2; : : : ; n/ associated with the orthonormal
vectorsÃr .r D 1; 2; : : : ; n/ are obtainedby letting r D s in Eq. (3).
This yields the set of n linear algebraic equations

nX

t D 1

Á2
r .xt /w

2
t D 1 .r D 1; 2; : : : ; n/ (6)

Letting r 6D s in Eq. (3) yields the unproven identities

nX

t D 1

Ár .xt /Ás .xt /w
2
t D 0 .r 6D s D 1; 2; : : : ; n/ (7)

Substituting Eqs. (4) and (5) into Eqs. (6) and (7), we get

nX

t D 1

2 sin2

³
r¼ t

n C 1

´
w2

t D 1 .r D 1; 2; : : : ; n/ (8)

and
nX

t D 1

sin

³
r¼ t

n C 1

´
sin

³
s¼ t

n C 1

´
w2

t D 0 .r 6D s D 1; 2; : : : ; n/

(9)
As an illustration, let n D 3, in which case Eqs. (8) and (9) reduce
to

2

4
1 2 1

2 0 2

1 2 1

3

5

8
<

:

w2
1

w2
2

w2
3

9
=

; D

8
<

:

1

1

1

9
=

; (10a)

2

4

p
2 0 ¡

p
2

1 ¡2 1
p

2 0 ¡
p

2

3

5

8
<

:

w2
1

w2
2

w2
3

9
=

; D

8
<

:

0

0

0

9
=

; (10b)

Observe that the � rst and third equations in Eq. (10a) are identical
to each other. The general solution to Eq. (10a) is then expressed
in terms of w2

1 as (w2
1 w2

2 w2
3 ) D (w2

1
1
4

1
2

¡ w2
1 ). Substituting the

general solution to Eq. (10a) into Eq. (10b) veri� es Eq. (10b) when
w1 D 1

2 . The veri� cation of Eq. (9) for values of n ranging from 1
to 10 was carried out elsewhere.1;2

At this point in the veri� cation, one might speculate that the
satisfaction of Eq. (9) is peculiar to the sine functions given in
Eq. (4). Let us look at another orthonormal set of sine functions,
given by

Ár .x/ D

s
2
¡
¯2

r C ° 2
¢

¯2
r C ° 2 C °

sin ¯r x (11a)

¯r cot ¯r C ° D 0 .r D 1; 2; : : : ; n C 1/ (11b)

in which ° > 0 (Ref. 3). The zeros of Án C 1.x/ satisfy

xt D ¼

2¯n C 1
.2t ¡ 1/ .t D 1; 2; : : : ; n/ (12)

in which ¯n C 1 is obtained from Eq. (11b). Substituting Eqs. (11a)
and (12) into Eqs. (6) and (7) yields

nX

t D 1

2
¡
¯2

r C ° 2
¢

¯2
r C ° 2 C °

sin2

µ
¯r

¯n C 1

¼

2
.2t ¡ 1/

¶
w2

t D 1

.r D 1; 2; : : : ; n/ (13)

and

nX

t D 1

s
4
¡
¯2

r C ° 2
¢¡

¯2
s C ° 2

¢
¡
¯2

r C ° 2 C °
¢¡

¯2
s C ° 2 C °

¢ sin

µ
¯r

¯n C 1

¼

2
.2t ¡ 1/

¶

£ sin

µ
¯s

¯n C 1

¼

2
.2t ¡ 1/

¶
w2

t D 0 .r 6D s D 1; 2; : : : ; n/

(14)

As an illustration,letn D 5 and ° D 2. From Eq. (11b), ¯1 D 2:2889,
¯2 D 5:0870, ¯3 D 8:0962, ¯4 D 11:1727, ¯5 D 14:2764,
and ¯6 D 17:3932. From Eq. (12), the zeros of Á6 are given by
x1 D 0:1806, x2 D 0:3612, x3 D 0:5419, x4 D 0:7225, and
x5 D 0:9031. By inversion of Eq. (13), the weighting constants
w1 D 0:5158, w2 D 0:4950, w3 D 0:4700, w4 D 0:4433, and
w5 D 0:4144 are found. Substituting these values into the left-hand
side of the unproven identities (14) completes the veri� cation of
the orthogonal function conjecture for the sine functions given by
Eq. (11a) restricted to n D 5. The veri� cation of Eq. (14) for values
of n ranging from 1 to 15 was carried out elsewhere.3

The veri� cation just given considered two orthonormal sets of
sine functions. The sets of orthonormal functions for which the
orthogonalfunctionconjecturehasbeenveri� ed aregiven in Table1.
The orthogonal function conjecture was violated when the set of
orthonormal functions was associated with free-free beams.1 This
set is a mixed set of two polynomial functions, and the remaining
are transcendentalfunctions.Observe in Table 1 that the orthogonal
function conjecture was satis� ed for another mixed set (case 4).

Isolated Proof for the Functions
2 sin (r¼x) (r = 1; 2; : : : ; n + 1)

Although the author has presently failed to prove the orthogonal
function conjecturewith any level of generality, the set of functionsp

2 sin.r¼x/ .r D 1; 2; : : : ; n C 1/ is an isolated exception.
Toward this end, an attractivemethodof computingthe weighting

constantswr .r D 1; 2; : : : ; n/ is � rst developed.The methodavoids
the matrix inverse that is required in Eq. (6). Adopting a matrix
notation, and letting Árs D Ás.xr / .r; s D 1; 2; : : : ; n/ denote the
entries of U and wr s D wr ±rs .r; s D 1; 2; : : : ; n/ denote the entries
of W, the matrix counterpart to Eq. (3) becomes

ÃT Ã D I (15a)

in which

Ã D W U (15b)

where I is the n £ n identity matrix. Substituting Eq. (15b) into
Eq. (15a) yields U T W2 U D I since WT W D W2 . Premultiplying
this resultby U ¡T , and postmultiplyingthis resultby U ¡1 (assuming
that U ¡1 exists), leads to W2 D U ¡T U ¡1 D . U U T /¡1, which upon
inversion yields

W¡2 D U U T (16)

in which the entries of W¡2 are .1=w2
r /±rs . Returning to an index

notation, Eq. (16) becomes
³

1
w2

r

´
±rs D

nX

t D 1

Át .xr /Át .xs/ .r; s D 1; 2; : : : ; n/ (17)

When r D s, Eq. (17) is an attractiveequation to use to determinewr

(r D 1; 2; : : : ; n). When r 6D s, Eq. (17) representsan alternate form
of the unproven identities (7). Thus, from now on a proofof Eq. (17)
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Table 1 Veri� cation of orthogonal function conjecture

Transcendental functions

1) Ár .x/ D
p

2 sin r¼ x; 0 < x < 1 .r D 1; 2; : : : ; n C 1I n D 1; 2; : : : ; 10/ (Refs. 1, 2)

2) Ár .x/ D
p

2 sin

µ
.2r ¡ 1/¼x

2

¶
; 0 < x < 1 .r D 1; 2; : : : ; n C 1I n D 1; 2; : : : ; 10/

3) Ár .x/ D

s
2
¡
¯2

r C ° 2
¢

¯2
r C ° 2 C °

sin ¯r x ; ¯r cot ¯r C ° D 0; ° D 2; 0 < x < 1

(Ref. 3)
.r D 1; 2; : : : ; n C 1I n D 1; 2; : : : ; 10/

4) Á0.x/ D 1; Ár .x/ D
p

2 cos.r¼x/; 0 < x < 1 .r D 1; 2; : : : ; n C 1I n D 1; 2; : : : ; 10/

5) Ár .x/ D

s
2
¡
¯2

r C ° 2
¢

¯2
r C ° 2 C °

cos ¯r x; 0 < x < 1; ¯r tan ¯r D °; ° D
1

5
(Ref. 3)

.r D 1; 2; : : : ; n C 1I n D 1; 2; : : : ; 10/

6) Ár .x/ D

³
cos ¯r C cosh ¯r

sin ¯r C sinh ¯r

´
.sin ¯r x ¡ sinh ¯r x/ C cosh ¯r x ¡ cos ¯r x

(Ref. 1)
1 C cos ¯r cosh ¯r D 0; 0 < x < 1 .r D 1; 2; : : : ; n C 1I n D 1; 2; : : : ; 10/

Polynomial functions

7) Á1.x/ D 1; Á2.x/ D 2
p

3x; Á3.x/ D 6
p

5
¡
x2 ¡ 1

12

¢
; Á4.x/ D 20

p
7 x

¡
x2 ¡ 3

20

¢

(Ref. 1)
Á5.x/ D 210.x4 ¡ 3x2=14 C 3=560/; : : : ; ¡ 1

2 < x < 1
2

(Legendre polynomials) .n D 1; 2; : : : ; 10/

is soughtwhen r 6D s, restrictingour attention to the orthonormalset
of functions

p
2 sin.r¼x/ (r D 1; 2; : : : ; n C 1).

Within our restrictive context, Eq. (17) for r 6D s reduces to

0 D
nX

t D 1

2 sin
rt¼

n C 1
sin

st¼
n C 1

D
nX

t D 1

µ
cos

.r ¡ s/¼ t

n C 1

¡ cos
.r C s/¼ t

n C 1

¶
.r 6D s D 1; 2; : : : ; n/ (18)

When r § s D 2k is even, the identity

nX

t D 0

cos
2¼kt

n C 1
D 0 .k D 1; 2; : : : ; n/

can be used to show that
nX

t D 1

cos
.r § s/¼ t

n C 1
D ¡1

It follows that Eq. (18) is satis� ed when r § s is even. It remains
to prove Eq. (18) when r § s D k is odd. First, consider the even n
cases, for which

n C 1X

t D 0

cos
¼kt

n C 1
D

n=2X

t D 0

cos
¼kt

n C 1
C

n C 1X

t D .n C 2/=2

cos
¼kt

n C 1

D
n=2X

t D 0

cos
¼kt

n C 1
¡

t 0 D 0X

t 0 D n=2

cos
¼kt 0

n C 1

letting t 0 D n C 1 ¡ t . Then

nC1X

t D 0

cos
¼kt

n C 1
D

n=2X

t D 0

cos
¼kt

n C 1
¡

n=2X

t D 0

cos
¼kt

n C 1
D 0

and so

nX

t D 1

cos
¼kt

n C 1
D

n C 1X

t D 0

cos
¼kt

n C 1
¡ cos.0/ ¡ cos.¼k/ D 0

for odd k. Finally, let us prove Eq. (18) for odd r § s D k when n
is odd. Under these conditions

n C 1X

t D 0

cos
¼kt

n C 1
D

.n¡1/=2X

t D 0

cos
¼kt

n C 1
C cos

¼k.n C 1/=2
n C 1

¡
n C 1X

t D .n C 3/=2

cos

³
¡

¼kt

n C 1
C ¼k

´

D
.n ¡ 1/=2X

t D 0

cos
¼kt

n C 1
¡

t 0 D 0X

t 0 D .n ¡ 1/=2

cos
¼kt 0

n C 1

letting t 0 D n C 1 ¡ t . Then

n C 1X

t D 0

cos
¼kt

n C 1
D

.n ¡ 1/=2X

t D 0

cos
¼kt

n C 1
¡

.n ¡ 1/=2X

t D 0

cos
¼kt

n C 1
D 0

so that for odd k

nX

t D 1

cos
¼kt

n C 1
D

n C 1X

t D 0

cos
¼kt

n C 1
¡ cos.0/ ¡ cos.¼k/ D 0

End of proof.

Node Control Conjecture
This section is for readers interested in the application of the or-

thogonal functionconjecture;readers uninterested in this topic may
wish to skip this section. An application of the orthogonal function
conjectureto the controlof distributedsystems is now restatedin the
form of the node control conjecture. The node control conjecture
was � rst presented in Ref. 1 and is presented again here to show
how the orthogonal function conjecture can be used to determine
control gains and to determine control input locations in direct state
feedback control of one-dimensional systems. (The node control
conjecture has been used to control transient temperatures in con-
ductingmedia in Ref. 3 and to control vibration in two-dimensional
platesandmembranes in unpublishedwork by theauthorsof Ref. 2.)
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Considerthepartialdifferentialequationthatgovernsthe transient
vibration of a one-dimensionaluniform bar

m
@2u.x; t/

@t 2
¡ AE

@2u.x; t/

@x2
D f .x; t/ (19)

where u.x; t/ is a longitudinal displacement at 0 < x < 1 and
time t > 0, f .x; t/ is the control force distribution, m is the mass
distribution, and AE is the stiffness distribution. Both m and AE
are positive constants. The uniform bar is subject to the boundary
conditions

¡ k1u.0; t/ C
@u.0; t/

@x
D 0; k2u.1; t/ C

@u.1; t/

@x
D 0 (20)

in which k1 and k2 are nonnegative constants. The control force
distribution is

f .x; t/ D ¡
nX

i D 1

µ
gi u.x; t/ C h i

@u.x; t/

@t

¶
±.x ¡ xi / (21)

in which ±.x ¡ xi / is a spatial impulse at the undetermined location
xi and gi and hi are undeterminedcontrol gains.The eigenfunctions
of the uniform bar solve the eigenvalue problem

¸2mÁ.x/ ¡ AE
d2Á.x/

dx2
D ¡

nX

i D 1

.gi C ¸hi /Á.x/±.x ¡ xi / (22)

subject to the homogeneous boundary conditions

¡k1Á.0/ C dÁ.0/

dx
D 0; k2Á.1/ C dÁ.1/

dx
D 0

There exists a countably in� nite number of eigenfunctions Ár .x/
.r D 1; 2; : : :/ and associated eigenvalues ¸r that solve Eq. (18). In
the absenceof feedbackcontrol [lettinggi D h i D 0 .i D 1; 2; : : : ; n/
in Eq. (22)] the eigensolutionsare

Á0
r .x/ D Nr .k1 sin¯r x C ¯r cos ¯r x/

¸0
r D i¯r

p
AE=m .r D 1; 2; : : :/

(23)

in which ¯r satisfy the characteristic equation 0 D .k1k2 ¡ ¯2
r /

tan ¯r C .k1 C k2/¯r , the normalization constants are

Nr D
µ

1

2

¡
k2

1 C b2
r

¢
C

³
¡k2

1 C b2
r

4br

´
sin 2br C

k A

2
.1 ¡ cos 2br /

¶¡ 1
2

and the superscript 0 designates quantities associated with the un-
controlled system. The eigenfunctions of the uncontrolled system
are also referred to as natural modes of vibration. The eigenfunc-
tions of the controlled system are also called controlled modes of
vibration. The locations of the forces xi .i D 1; 2; : : : ; n/ and the
controlgains gi and h i .i D 1; 2; : : : ; n/ are determinedon the basis
of the following node control conjecture.

Node control conjecture: A uniform bar with homogeneous
boundary conditions in which the lowest n natural modes of vibra-
tion participatesigni� cantly in the system response,when subject to
n direct state feedbackforcesplacedat the zerosof the .n C1/th nat-
ural mode, can be controlledin a manner that satis� es the following
three properties.

1) Mode invariance: the n controlledmodes of vibrationare iden-
tical to the natural modes of vibration.

2) Frequency invariance: the frequencies of oscillation of the n
controlledmodes of vibrationare identical to the naturalfrequencies
of oscillation.

3) Uniformdamping: the damping rates of the n controlledmodes
of vibration are identical to each other.

The desirability associated with these three properties was de-
scribed in detail in Ref. 4. In short, the � rst two propertiesminimize
the magnitude of the direct feedback control forces. Control forces
increase in magnitude when tasked to effectively change the bar’s
natural modes of vibration and to change the bar’s natural frequen-
cies of oscillation. We can see that the third property is desirable
when we consider the alternatives.The allowanceof one decay rate

to be lower than the others yields a response that in time is domi-
nated by that mode. Furthermore, the magnitude of a control force
increases with the decay rate. It follows that the control forces will
be unnecessarilylargewhen one decay rate is either smaller or larger
than the rest. The level of uniform damping is then selected on the
basis of how much overall effort associated with the control forces
the designer is willing to expend.

It is now shown how the node control conjecturefollows from the
orthogonalfunctionconjecture.First express the n lowest controlled
modes in terms of the lowest n natural modes as

Ár .x/ D
nX

s D 1

Á0
s .x/crs .r D 1; 2; : : : ; n/ (24)

in which crs .r; s D 1; 2; : : : ; n/ are called coupling coef� cients.
Equation (24) is tantamount to assuming that n modes participate
in the system response and that the participation of the remaining
modes is negligible. Substituting Eq. (24) into Eq. (22), premulti-
plying by

1
m

Z 1

0

Á0
r .x/. / dx

and applyingthe orthonormalityconditions(1)yieldsthe eigenvalue
problem

0 D
nX

s D 1

(
¸2

r ±st C ¸r
1
m

"
nX

i D 1

h i Á
0
s .xi /Á

0
t .xi /

#
C ¸02

s ±st

C 1
m

"
nX

i D 1

gi Á
0
s .xi /Á

0
t .xi /

#)
crs .r; t D 1; 2; : : : ; n/ (25)

It follows from the orthogonal function conjecture that the paren-
thetic summations in Eq. (25) can be reduced to the form

nX

i D 1

hi Á
0
s .xi /Á

0
t .xi / D h±st ;

nX

i D 1

gi Á
0
s .xi /Á

0
t .xi / D g±st

.s; t D 1; 2; : : : ; n/ (26)

Substituting Eq. (26) into Eq. (25) yields

0 D
£
¸2

r C ¸r .h=m/ C ¸02
t C .g=m/

¤
cr t D 0

.r; t D 1; 2; : : : ; n/ (27)

Solving Eq. (27) yields

cr t D ±r t .r; t D 1; 2; : : : ; n/ and ¸r D ¡® § i!0
r

(28)

in which ® D .h=2m/ is the uniform decay rate and !0
r D

p
.¡¸0

r /
is the r th natural frequency of oscillation. Indeed, Eq. (28) is a
statement of the three properties predicted by the node control con-
jecture.

Summary
This Note introduced an unproven conjecture about orthogo-

nal functions. The conjecture leads to a paradox that is currently
unresolved except in case of the orthogonal functions Ár .x/ Dp

2 sin r¼x .r D 1; 2; : : :/. The application of the conjecture to the
control of distributed systems was also presented in the form of a
node control conjecture.
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3Bokar, J., Silverberg,L., and Özisik, M. N., “An Engineering Foundation
for Controlling Heat Transfer in One-Dimensional Transient Heat Conduc-
tion Problems,” International Communications in Heat and Mass Transfer,
Vol. 22, No. 6, 1995, pp. 849–858.

4Silverberg, L., “Uniform Damping Control of Spacecraft,” Journal of
Guidance, Control, and Dynamics, Vol. 9, No. 2, 1986, pp. 221–227.

Disturbance Rejection
Approach to Actuator and
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I. Introduction

F OR various reasons as discussed elsewhere,1 the selection of
actuator and sensor positions is still ad hoc. This is especially

true for � exible structures,for which many candidatecon� gurations
can exist.This study is an attempt to make the selectionprocessmore
methodical.

One approach to actuator and sensor placement is to optimize
a closed-loop performance metric directly by selecting the actua-
tors, sensors, and controller gains simultaneously. This direct ap-
proach makes sense if the desired closed-loop performance is well
de� ned. Because the individualactuator and sensor contributionsto
the closed-loopperformancemetric are complex, the solution strat-
egy usually employs nonlinear programmingwith many design and
numerical iterations.A secondapproach is to select actuatorsand/or
sensors on the basis of open-looppropertiesso that closed-loopper-
formance is indirectlyoptimized.Because the individualsensor and
actuator contributions to the open-loop metric are simple, nonlin-
ear optimization usually is not needed. This approach will suggest
ef� cient actuator and sensor con� gurations for any type of control
law. The suggested method falls into the latter class of approaches.

The use of a Hankel singular value (HSV) formula as an actuator
placementmetric2 is extendedto � exiblestructuresin discretetime.3

A main novelty introduced is that the ambiguity in the weighting
of the principal modes is addressed by incorporating the general
disturbance rejection goal into the actuator and sensor placement
formulation. Optimal actuator and sensor placement is considered
for the purposeof designingcontrol laws for the generaldisturbance
rejection problem. This apparent restriction to the disturbance re-
jection problem is not too restrictivebecause it is well known from
modern multivariable control theory that stability and even robust-
ness requirements can be transformed to this form with appropriate
weighting. Simulation results demonstrate that the improvement in
closed-loop performance is independent of the type of controller
used because open-loop properties have been improved.

II. Actuators and Sensors for Disturbance Rejection
Figure 1 shows a schematic of the disturbance rejection problem

where the inputs to the plant consist of two vectors and, similarly,
the outputs consist of two vectors. As a necessary starting point in
a disturbance rejection problem, the disturbance source (or inputs)
and the output response de� ning the performance to be optimized
usually are de� ned by the requirements of the control problem.

The disturbance rejection viewpoint taken in this study is similar
to the mode selection viewpoint proposed earlier in the context of
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model reduction for � exible structures.4 The preceding formulation
is also consistent with the general multivariable control design,5 in
which the plant P D [P11; P12I P21; P22] is assumed to be given and
the problem is to design a stabilizing and realizable controller, K ,
to minimize a suitable norm of the closed-loop transfer function
matrix, Fl .P; K /. The basic dif� culty in the actuator and sensor
placement problem is that only P11 is given.

HSVs are used to construct a metric that quanti� es the degree of
controllability and observability for a given set of sensor and actu-
ator con� gurations.Although the use of HSV to analyze the degree
of controllabilityand observabilityof a linear system is well estab-
lished, especially in model reduction applications,4;6;7 the approxi-
mate decompositionof the HSV with multiple sensors and actuators
in terms of the HSV of all combinations of sensor-actuatorpairs is
new. This result signi� cantly simpli� es the design problem of se-
lecting the most effective set of sensors and actuators for � exible
structures. The main novelty of the placement strategy is that the
HSVs from the disturbance to the performance outputs are used to
weigh the HSVs between candidate actuator and sensor sets. This
is possible because, in both cases, individual HSVs directly corre-
spond to individual structural modes, which is unique to � exible
structures.

III. Decomposition of HSV
Given the quadruple .Az; Bz; Cz; Dz/ of a discrete linear time-

invariant state-space matrix of a � exible structure, assumed to be
lightly damped with distinct eigenvalues, let . QA; QB; QC; QD/ denote
the 2 £ 2 block diagonal form whose i th block is

QAi D
µ

Re.zi / ¡Im.zi /

Im.zi / Re.zi /

¶
(1)

where .zi ; vi / denote the i th eigenvalue and eigenvectorpair of Az ,
and let T denote the sampling period.The steady-statediscrete-time
controllabilitygramian Wc1 and the observabilitygramian Wo1 sat-
isfy the Sylvester equations. The triple . QA; QB; QC / is internally bal-
ancedif its gramiansare equal and diagonal,7 i.e., Wc1 D Wo1 D 02.
The nonnegative real diagonal elements of 02 are called the HSVs
of the system.

Because of the diagonal dominance property of the discrete con-
trollability and observability gramian for � exible structures, the
square of the i th HSV3 is given by

° 4
i

»D
tr[ QB QBT ]ii tr[ QC T QC ]ii

.4±i T /2
(2)

where ±i D ¡.1=T /Re. zi / and the subscript ii denotes the i th 2£
2 block of matrices formed from the inputs and outputs. It is shown3

that theapproximateformula is quite accurateup to frequenciesnear
90% of the Nyquist frequency.

For p actuators and q sensors, the input and output matrices
consist of p columns and q rows, respectively:

Bz D
£
Bz1 ; : : : ; Bz p

¤
I CT

z D
£
C T

z1
; : : : ; C T

zq

¤
(3)

Partition the state transformationmatrix as follows:

V D [r1; : : : ; rn]I V ¡T D
£
lT
1 ; : : : ; lT

n

¤
(4)

where ri D [Re.vi /; ¡Im.vi /] and lT
i are 2n £ 2 matrices made up

of components of i th right and left eigenvectors. The approximate

Fig. 1 General disturbance rejection problem.


