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simple GA is slow to evolve but after 120 generations (18,000 func-
tionevaluations) reachesa near-optimalsolution. The boundarycon-
ditions for the best solutionin the simple GA are r (,) = 1.519DU,
0(t;) = 147.18 deg, u(t;) = 0.005 DU/TU, and v(t;) = 0.807
DU/TU and for the ©GA with a populationof 15 are r (f;) = 1.514
DU, 6(t;) =162.59 deg, u(t;) = 0.206 DU/TU, and v(t;) = 0.805
DU/TU. The nGAs’ radial positionand tangential velocity are close
to the desired values given in Eq. (14) but the radial velocity would
make the final orbit eccentric.

Results: Inequality Constraints Method

Figure 1 also displays the objective function for the best indi-
vidual in the population using inequality constraints. The vertical
scale on the right should be used. It is seen that, given a sufficient
number of generations, all three GAs converged to a near-optimal
solution. However, the £GAs converged to the near-optimal region
more quickly than did the simple GA. The performance of all GAs
became comparable after approximately 7500 function evaluations.
The boundary conditions for best solution in the £GA with a popu-
lation of 15 after 6000 are r(t;) = 1.509 DU, 6(t;) = 153.41 deg,
u(t;) = 0.042DU/TU, and v(t;) = 0.808 DU/TU and after 12,000
function evaluations are r(t;) = 1.524 DU, 0(t;) = 152.59 deg,
u(t;) = 0.051 DU/TU, and v(t;) = 0.807 DU/TU.

Orbital rendezvoustrajectorieshave also beensolved using £t GAs
with inequality constraints but are not shown here. In all cases the
GA provides an extremely fast approach to a near-optimal trajec-
tory.

Conclusions

The use of wGAs to determine near-optimal low-thrust trajec-
tories was explored. Micro-GAs were inefficient at achieving near-
optimal solutions when boundary conditions were treated as equality
constraints. However, when boundary conditions were cast as in-
equality constraints, «GAs showed faster convergencethan did sim-
ple GAs to a near-optimal region.
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Conjecture About
Orthogonal Functions
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Introduction

FIRST came upon this result in my work in the area of control

of distributed systems. I was studying the manner in which the
natural modes of vibration of simple beams are altered by attaching
to them concentrated spring and damping elements. The result has
since beendistilledinto an unproventheorem, presently being called
the orthogonal function conjecture.

Orthogonal function conjecture: Let ¢,(x) (r=1,2,...,n+1)
be an ordered set of real orthonormal functions defined over the
interval [a, b]. The zeros of the (n + 1)th orthonormal functions are
x.(r=1,2,...,n).Thenanorthonormalset of n real n-dimensional
orthonormal vectors can be constructed from the orthonormal func-
tions by evaluating the lowest n orthonormal functions at the zeros
of the (n + 1)th orthonormal function. The orthonormal vectors are
’l/}r = [wl¢r(xl) w2¢r('x2) e wn¢r(xn)]r (r= L2,..., l’l) in
which w, (r =1, 2, ..., n) are positive numbers.

This describedorthogonalfunctionconjectureis bothunusualand
a paradox. It is unusual because the zeros of the (n 4- 1)th orthonor-
mal functioninfluence the constructionof orthonormal vectors from
the lowest n orthonormal functions. The orthogonal function con-
jecture is a paradox for reasons described in the next section.

Paradox
Letus now more closely examine the orthogonalfunctionconjec-
ture. The orthonormality conditions that the functions ¢, (x) satisfy
are given by

1
/ ¢, (X)s (x) dx = §,., r,s=1,2,....,.n+1) (1)
0
where §,, is the Kronecker delta function (8, =0 when r #s and
8,» = 1)andx isdefined overtheinterval [0, 1]. The zerosof ¢,, | (x)
satisfy

Gur1(x) =0 (t=12,....n) 2

Itis implied by Eq. (2) that ¢, .| (x) has n zeros. The n-dimensional
orthonormal vectors are stated in the conjecture to satisfy the or-
thonormality conditions

Y Y, =6,

where ’l/}r = [w1¢r ('xl) w2¢r ('x2) e wn¢r ('xn)]r in which w,
shall be referred to as weighting constants. The paradox arises when
we recognize that Eq. (3) represents a set of linear algebraic equa-
tions in terms of the unknowns wf (r=1,2,...,n). The numberof
equationsis equal to n?, and the equation correspondingto the pair
of'indices (r, s) is identical to the equation correspondingto the pair
of indices (s, r). Therefore, the number of independentequationsis
N = n(n + 1)/2. The paradox lies in that the number of equations

(r,s=1,2,...,n) 3)
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is larger than the number of unknowns (when n > 1). Indeed, the
existence of an exact solution to an overdetermined set of linear
algebraic equations is altogether unexpected. Without an available
explanation, the presence of an exact solution must be regarded as
a paradox.

Sine Functions

Without a proof of the orthogonal function conjecture, I now re-
sort to verifying the conjecture. The verificationis given to provoke
insight that could lead to a proof of the conjecture at a later date.
The verificationcould also illuminaterestrictive conditionsto which
the conjecture is subject. First consider the orthonormal set of sine
functions

qﬁ,(x):«/zsinrnx r=12,...,n+1) 4)
The zeros of ¢, | (x) are
x;=t/(n+ 1) t=12,...,n) 5)

The weights w, (r = 1,2, ..., n) associated with the orthonormal
vectorsp, (r = 1,2, ..., n) are obtainedby lettingr = s in Eq. (3).
This yields the set of n linear algebraic equations

> ow? =1 r=1,2....n 6)

t=1

Letting r # s in Eq. (3) yields the unproven identities

Yo s dbowr =0 #Es=12...m) @

t=1

Substituting Egs. (4) and (5) into Egs. (6) and (7), we get

> 2sin? LA IV
— n+1) "

and

= rat . st )
E sin sin w, =0
n+1 n+1

t=1

(r#s=12....n)
)

As an illustration, letn = 3, in which case Eqgs. (8) and (9) reduce
to

12 1] (w 1
2 0 2| w2i=11 (10a)
12 1] [w 1

V20 V27 (w? 0

1 -2 1 w2t =10 (10b)

V20 V21 lwi 0

Observe that the first and third equations in Eq. (10a) are identical
to each other. The general solution to Eq. (10a) is then expressed
in terms of w} as (w} wj; w3) = (w}+3 — w}). Substituting the
general solution to Eq. (10a) into Eq. (10b) verifies Eq. (10b) when
w; = 1. The verification of Eq. (9) for values of n ranging from 1
to 10 was carried out elsewhere.! 2

At this point in the verification, one might speculate that the
satisfaction of Eq. (9) is peculiar to the sine functions given in
Eq. (4). Let us look at another orthonormal set of sine functions,

given by

2(82 +72)

¢r('x): ﬂrz+]/2+]/

sin B8,.x (11a)

B.cotB, +y =0 (r=1,2,...,n+1) (11b)

in which y > 0 (Ref. 3). The zeros of ¢, , | (x) satisfy
_n
2ﬂn+ 1

@t -1 (t=1,2,...,n) (12)

Xt
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in which B, is obtained from Eq. (11b). Substituting Egs. (11a)
and (12) into Egs. (6) and (7) yields

o224y L[ B ow s

t=1

r=12,....,n) (13)

and

Z\/ UCASRIOREE) sin|: P £(2t—1)}
( ﬂ"+1 2

=N B+ +y)(B2+r2+y)

xsin[ﬂﬂ*" - 1)}1;3:0 (r#s=1,2,...,n)

n+1 2
(14)

As anillustration,letn =5 and y = 2. From Eq. (11b), 8; = 2.2889,
B, = 5.0870, Bz = 8.0962, B, = 11.1727, Bs = 14.2764,
and B¢ = 17.3932. From Eq. (12), the zeros of ¢ are given by
x; = 0.1806, x, = 0.3612, x5 = 0.5419, x, = 0.7225, and
x5 = 0.9031. By inversion of Eq. (13), the weighting constants
w; = 0.5158, w, = 0.4950, w; = 0.4700, wy = 0.4433, and
ws = 0.4144 are found. Substituting these values into the left-hand
side of the unproven identities (14) completes the verification of
the orthogonal function conjecture for the sine functions given by
Eq. (11a) restricted to n = 5. The verification of Eq. (14) for values
of n ranging from 1 to 15 was carried out elsewhere 3

The verification just given considered two orthonormal sets of
sine functions. The sets of orthonormal functions for which the
orthogonalfunctionconjecturehas been verified are givenin Table 1.
The orthogonal function conjecture was violated when the set of
orthonormal functions was associated with free-free beams.! This
set is a mixed set of two polynomial functions, and the remaining
are transcendentalfunctions. Observe in Table 1 that the orthogonal
function conjecture was satisfied for another mixed set (case 4).

Isolated Proof for the Functions
V2sin rmx) r=1,2,...,n+1)

Although the author has presently failed to prove the orthogonal
function conjecture with any level of generality, the set of functions
J2sin(rmx) (r=1,2,...,n+ 1) is an isolated exception.

Toward this end, an attractivemethod of computing the weighting
constantsw, (r = 1,2, ..., n)isfirstdeveloped. The methodavoids
the matrix inverse that is required in Eq. (6). Adopting a matrix
notation, and letting ¢,, = ¢,(x,) (r,s = 1,2, ...,n) denote the
entries of ® and w,; = w,§,, (r,s = 1,2, ..., n) denote the entries
of W, the matrix counterpartto Eq. (3) becomes

iy =1 (15a)
in which
= W (15b)

where I is the n x n identity matrix. Substituting Eq. (15b) into
Eq. (15a) yields ®” W?® = I since W' W = W2, Premultiplying
thisresultby ® 7, and postmultiplyingthis resultby ® ' (assuming
that ® ' exists), leadsto W2 = ® '@ ! = (®@®”)~!, which upon
inversion yields

W2 =00’ (16)

in which the entries of W=2 are (1/w?)§,,. Returning to an index
notation, Eq. (16) becomes

1 n
(E) 5”‘ = Z ¢t (xr)¢)t ('x«\')

r t=1

r,s=1,2,...,n) (A7)

Whenr = s, Eq. (17) is an attractiveequation to use to determine w,
(r=1,2,...,n). Whenr #s,Eq. (17) represents an alternate form
of the unprovenidentities (7). Thus, from now on a proof of Eq. (17)
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Table1 Verification of orthogonal function conjecture

Transcendental functions

1) ¢,(x):\/§sinrnx, 0<x<l1 r=12,....,n+1;n=1,2,...,10) (Refs. 1,2)
2r — 1
2) ¢,(x)=ﬁsin[%}, 0<x<l G=1,2....n+1Lin=12,...,10)
2(82 +7)
3) ¢r(x) = —————sinfx, Breotfr +y =0, Yy =2 0<x<l
BF+vi+ty
(Ref. 3)
r=12,....,n+1;n=1,2,...,10)
4) Po(x) =1, ¢r(x)=\/zcos(rnx), 0<x <l r=1,2,....,.n+1;n=1,2,...,10)
2(B2 +72) 1
5) br(x) = | ———5—— c0s B,x, O0<x<1, Brtan B, =y, y=z
B +vi+y 5
(Ref. 3)
r=12,....,n+1;n=1,2,...,10)
sp, +coshp \ . .
6) ¢r(x) = (%) (sin B, x — sinh B,x) + cosh B,x — cos B, x
(Ref. 1)
1 4 cos B, cosh B, =0, O<x<1 (r=12,....,n+1;n=1,2,...,10)
Polynomial functions
N =1, $2(x) = 2/3x, $3(x0) = 6v5(x> — ). $4(x) =20V7 x(x2 — 55)
(Ref. 1)
¢s(x) = 210(x* —3x2/14+3/560),...,—% <x< % (Legendre polynomials) n=12,...,10)

is sought when r # s, restricting our attention to the orthonormal set
of functions \/2sin(rmx) (r =1,2,...,n+ 1).
Within our restrictive context, Eq. (17) for r # s reduces to

< . ortmw G stw (r—s)m‘
O:;ZSIn”"‘l —Z[

! t
- OSM} r#s=12..n) (18)
n+1
When r & s = 2k is even, the identity
< 2mkt
Zcos il =0 k=1,2,...,n)
— n+1

can be used to show that
- (r £s)mt
Z co§ ———— = —
— n—+1

It follows that Eq. (18) is satisfied when r £ s is even. It remains
to prove Eq. (18) when r & s = k is odd. First, consider the even n
cases, for which

n+1 JTkt n+1 ﬂkl
E cos = E —+ E cos
t=(n+2)/2
&2 wkt = wkt'
= E cos - E cos
n—+1 n—+1
t=0 t'=n/2

lettingt’ = n + 1 —t. Then

n+l n/2

n/2
wkt wkt wkt
E cos = cos — E cos—— =0
/ n—+1 - n+1 n—+1

kt
T~ cos(0) — cos(rk) =0

for odd k. Finally, let us prove Eq. (18) for odd r = s = k when n
is odd. Under these conditions

n+1 (n=1)/2

wkt wkt wk(n+1)/2
Zcos = cos + co§ ——
n+1 n+1 n+1
t=0 t=0
n+1
wkt
- cos (——1 + k)
t=(n+3)/2 n+
(n—1)/2 =0
wkt wkt'
= cos — Z cos
+1 , +1
=0 =mn-1)/2
letting#’ =n + 1 —t. Then
& wkt (a2 wkt & /2 mkt
Zcos = cos — cos =0
n—+1 n+1 n+1
t=0 t=0 t=0
so that for odd k&
- wkt = wkt
cos = cos —cos(0) — cos(rk) =0
Z n+1 Z n+1 © (wh)
t=1 t=0
End of proof.

Node Control Conjecture

This section is for readers interested in the application of the or-
thogonal function conjecture;readers uninterestedin this topic may
wish to skip this section. An application of the orthogonal function
conjectureto the control of distributedsystems is now restatedin the
form of the node control conjecture. The node control conjecture
was first presented in Ref. 1 and is presented again here to show
how the orthogonal function conjecture can be used to determine
control gains and to determine control input locationsin direct state
feedback control of one-dimensional systems. (The node control
conjecture has been used to control transient temperatures in con-
ducting media in Ref. 3 and to control vibration in two-dimensional
platesand membranes in unpublishedwork by the authorsof Ref. 2.)
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Considerthe partialdifferentialequationthat governsthe transient
vibration of a one-dimensionaluniform bar

2 2
m8 u(x,t) —AEa u(x,t)

> S =S (19)

where u(x, t) is a longitudinal displacementat 0 < x < 1 and
time ¢t > 0, f(x,t) is the control force distribution, m is the mass
distribution, and AE is the stiffness distribution. Both m and AE
are positive constants. The uniform bar is subject to the boundary
conditions

(0, 1 u(l, 1
L T I Wi oL
0x 0x

in which k; and k, are nonnegative constants. The control force
distributionis

—ku(0, 1)+

=0 (20)

n

faen=-y" |:giu(x, 0 +h

i=1

ou(x,t)

:|5(x—xl-) 2n

in which § (x — x;) is a spatial impulse at the undetermined location
x; and g; and h; are undetermined control gains. The eigenfunctions
of the uniform bar solve the eigenvalue problem

& .
i(;c) ==Y (& + AP —x) (22)

i=1

2mg(x) — AE

subject to the homogeneous boundary conditions

d¢ (0) de (1)

2 =0, ko (l) + —= =
P 20 (1) ]

There exists a countably infinite number of eigenfunctions ¢, (x)
(r=1,2,...) and associated eigenvalues A, that solve Eq. (18). In
the absenceof feedback control [lettingg; =h;, =0 =1,2,...,n)
in Eq. (22)] the eigensolutions are

¢2(x) = N, (k; sin B,x + B, cos B,x)
20 = i, JAE m

in which B, satisfy the characteristic equation 0 = (kik» — B%)
tan B, + (k; + k,)B,, the normalization constants are

—ki19(0) + 0

(23)
r=12,..)

s
2

2

1 kK +b kA
N, = [E(karbf) + (#) sin2b, +7(1 —cost,):|

.

and the superscript 0 designates quantities associated with the un-
controlled system. The eigenfunctions of the uncontrolled system
are also referred to as natural modes of vibration. The eigenfunc-
tions of the controlled system are also called controlled modes of
vibration. The locations of the forces x; (i = 1,2,...,n) and the
controlgains g; and h; (i = 1, 2, ..., n) are determined on the basis
of the following node control conjecture.

Node control conjecture: A uniform bar with homogeneous
boundary conditions in which the lowest # natural modes of vibra-
tion participate significantly in the system response, when subjectto
n direct state feedback forces placed at the zeros of the (n + 1)th nat-
ural mode, can be controlledin a manner that satisfies the following
three properties.

1) Mode invariance: the n controlled modes of vibration are iden-
tical to the natural modes of vibration.

2) Frequency invariance: the frequencies of oscillation of the n
controlledmodes of vibrationare identical to the natural frequencies
of oscillation.

3) Uniform damping: the damping rates of the n controlledmodes
of vibration are identical to each other.

The desirability associated with these three properties was de-
scribedin detail in Ref. 4. In short, the first two properties minimize
the magnitude of the direct feedback control forces. Control forces
increase in magnitude when tasked to effectively change the bar’s
natural modes of vibration and to change the bar’s natural frequen-
cies of oscillation. We can see that the third property is desirable
when we consider the alternatives. The allowance of one decay rate
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to be lower than the others yields a response that in time is domi-
nated by that mode. Furthermore, the magnitude of a control force
increases with the decay rate. It follows that the control forces will
be unnecessarilylarge when one decay rate is either smaller or larger
than the rest. The level of uniform damping is then selected on the
basis of how much overall effort associated with the control forces
the designer is willing to expend.

It is now shown how the node control conjecture follows from the
orthogonalfunctionconjecture.Firstexpressthe n lowest controlled
modes in terms of the lowest n natural modes as

6,0 =Y ¢l)c, r=12....n (24
s=1

in which ¢, (r,s=1,2,...,n) are called coupling coefficients.
Equation (24) is tantamount to assuming that n modes participate
in the system response and that the participation of the remaining
modes is negligible. Substituting Eq. (24) into Eq. (22), premulti-

plying by

1 1
—/ ¢ (x)() dx
mJ

and applyingthe orthonormalityconditions(1) yieldsthe eigenvalue
problem

_ Y 2 l Y 0 N A0 (o 02
O—Zi)\r&\.,—i—)\,m|:Zh,¢x(x,)¢)t(x,) + 205,

s=1 i=1

S g 00)e _
+ m[Zgiqa.(xiw,(xi)}}c”. (rnt=12,...,n @5

i=1

It follows from the orthogonal function conjecture that the paren-
thetic summations in Eq. (25) can be reduced to the form

D gl =hoy Y 2P0 (x) = g8,

i=1 i=1

(s,t=1,2,...,n) (26)
Substituting Eq. (26) into Eq. (25) yields
0=[A2+ A, (h/m) + 2% + (g/m)]c,, = 0
(rt=1,2,....,n) 27)
Solving Eq. (27) yields

(rt=1,2,...,n) and A =-axio’
(28)

crt = 8rt

in which & = (h/2m) is the uniform decay rate and w? = /(—1?)
is the rth natural frequency of oscillation. Indeed, Eq. (28) is a
statement of the three properties predicted by the node control con-
jecture.

Summary

This Note introduced an unproven conjecture about orthogo-
nal functions. The conjecture leads to a paradox that is currently
unresolved except in case of the orthogonal functions ¢, (x) =
J2sinrmx (r=1,2,...). The application of the conjecture to the
control of distributed systems was also presented in the form of a
node control conjecture.
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Disturbance Rejection
Approach to Actuator and
Sensor Placement
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I. Introduction

OR various reasons as discussed elsewhere,! the selection of
actuator and sensor positions is still ad hoc. This is especially
true for flexible structures, for which many candidate configurations
can exist. This study is an attempt to make the selectionprocessmore
methodical.
One approach to actuator and sensor placement is to optimize
a closed-loop performance metric directly by selecting the actua-
tors, sensors, and controller gains simultaneously. This direct ap-
proach makes sense if the desired closed-loop performanceis well
defined. Because the individualactuator and sensor contributionsto
the closed-loop performance metric are complex, the solution strat-
egy usually employs nonlinear programming with many design and
numerical iterations. A secondapproachis to selectactuatorsand/or
sensors on the basis of open-loop properties so that closed-loop per-
formanceis indirectly optimized. Because the individual sensor and
actuator contributions to the open-loop metric are simple, nonlin-
ear optimization usually is not needed. This approach will suggest
efficient actuator and sensor configurations for any type of control
law. The suggested method falls into the latter class of approaches.
The use of a Hankel singular value (HSV) formula as an actuator
placementmetric? is extendedto flexible structuresin discrete time.>
A main novelty introduced is that the ambiguity in the weighting
of the principal modes is addressed by incorporating the general
disturbance rejection goal into the actuator and sensor placement
formulation. Optimal actuator and sensor placement is considered
for the purpose of designing control laws for the general disturbance
rejection problem. This apparent restriction to the disturbance re-
jection problem is not too restrictive because it is well known from
modern multivariable control theory that stability and even robust-
ness requirements can be transformed to this form with appropriate
weighting. Simulation results demonstrate that the improvementin
closed-loop performance is independent of the type of controller
used because open-loop properties have been improved.

II. Actuators and Sensors for Disturbance Rejection

Figure 1 shows a schematic of the disturbancerejection problem
where the inputs to the plant consist of two vectors and, similarly,
the outputs consist of two vectors. As a necessary starting point in
a disturbancerejection problem, the disturbance source (or inputs)
and the output response defining the performance to be optimized
usually are defined by the requirements of the control problem.

The disturbancerejection viewpoint taken in this study is similar
to the mode selection viewpoint proposed earlier in the context of
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model reduction for flexible structures.* The preceding formulation
is also consistent with the general multivariable control design,’ in
which the plant P =[P, ;, P\y; Py, P5,]is assumed to be given and
the problem is to design a stabilizing and realizable controller, K,
to minimize a suitable norm of the closed-loop transfer function
matrix, F;(P, K). The basic difficulty in the actuator and sensor
placement problem is that only P, is given.

HSVs are used to constructa metric that quantifies the degree of
controllability and observability for a given set of sensor and actu-
ator configurations. Although the use of HSV to analyze the degree
of controllability and observability of a linear system is well estab-
lished, especially in model reduction applications*®7 the approxi-
mate decompositionof the HSV with multiple sensors and actuators
in terms of the HSV of all combinations of sensor-actuator pairs is
new. This result significantly simplifies the design problem of se-
lecting the most effective set of sensors and actuators for flexible
structures. The main novelty of the placement strategy is that the
HSVs from the disturbance to the performance outputs are used to
weigh the HSVs between candidate actuator and sensor sets. This
is possible because, in both cases, individual HSVs directly corre-
spond to individual structural modes, which is unique to flexible
structures.

III. Decomposition of HSV
Given the quadruple (A, B,, C., D,) of a discrete linear time-
invariant state-space matrix of a flexible structure, assumed to be
lightly damped with distinct eigenvalues, let (A, B, C, D) denote
the 2 x 2 block diagonal form whose ith block is

i |:Re(z,) Im(z,):| W
Im(z;) Re(z;)

where (z;, v;) denote the ith eigenvalue and eigenvector pair of A_,
and let T’ denote the sampling period. The steady-statediscrete-time
controllability gramian W, and the observability gramian W, sat-
isfy the Sylvester equations. The triple (A, B, C) is internally bal-
ancedifits gramians are equal and diagonal,” i.e., W, =W, =T2.
The nonnegative real diagonal elements of I'? are called the HSVs
of the system.

Because of the diagonal dominance property of the discrete con-
trollability and observability gramian for flexible structures, the
square of the ith HSV? is given by

4 tr[éér]ii tr[éré]ii
i @5.7)?
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where §; = —(1/T)Re(brz;) and the subscriptii denotesthe ith 2 x
2 block of matrices formed from the inputs and outputs. It is shown?
thatthe approximateformulais quite accurate up to frequenciesnear
90% of the Nyquist frequency.

For p actuators and g sensors, the input and output matrices
consist of p columns and g rows, respectively:

. T T
BZ:[BZI""’BZp]’ Cz :[CZI""’CZq] (3)
Partition the state transformation matrix as follows:
V=1[r,...,rl; V*T=[11T,...,l[] 4)

where r; = [Re(v;), —Im(v;)] and [T are 2n x 2 matrices made up
of components of ith right and left eigenvectors. The approximate
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Fig. 1 General disturbance rejection problem.



